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Abstract
The graph consisting of the three 3-cycles (a; b; c), (c; d; e), and (e; f; a), where a; b; c; d; e,
and f are distinct is called a hexagon triple. The 3-cycle (a; c; e) is called an “inside” 3-cycle;
and the 3-cycles (a; b; c), (c; d; e), and (e; f; a) are called “outside” 3-cycles. A 3k-fold hexagon
triple system of order n is a pair (X; C), where C is an edge disjoint collection of hexagon
triples which partitions the edge set of 3kKn. Note that the outside 3-cycles form a 3k-fold triple
system. If the hexagon triple system has the additional property that the collection of inside
3-cycles (a; c; e) is a k-fold triple system it is said to be perfect. A perfect maximum packing of
3kKn with hexagon triples is a triple (X; C; L), where C is a collection of edge disjoint hexagon
triples and L is a collection of 3-cycles such that the insides of the hexagon triples plus the
inside of the triangles in L form a maximum packing of kKn with triangles. This paper gives
a complete solution (modulo two possible exceptions) of the problem of constructing perfect
maximum packings of 3kKn with hexagon triples.
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Keywords: Hexagon triple system; Perfect packing; Perfect
1. Introduction
A -fold m-cycle system of order n is a pair (X; C), where C is a collection
of edge disjoint m-cycles which partitions the edge set of Kn ( copies of the
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complete undirected graph Kn on n vertices) with vertex set X . When  = 1 we will
simply say m-cycle system and will interchangeably use the expressions 3-cycle and
triple. Everybody’s favorite m-cycle systems are certainly 3-cycle systems (=Steiner
triple systems). But 6-cycle systems are pretty popular too! Here is one
reason.
If a 6-cycle system (X; C) has the additional property that the collection of dis-
tance 2 graphs constructed from the 6-cycles belonging to C is a triple system, then
(X; C) is said to be 2-perfect. In [1,2] it is shown that the spectrum of 2-perfect
6-cycle systems (=the set of all n such that a 2-perfect 6-cycle system of order n
exists) is precisely the set of all n ≡ 1 or 9 (mod 12), except n = 9, for which
no such system exists. (There exists a 6-cycle system of order 9, but not a 2-perfect
6-cycle system.) In what follows we will denote the 6-cycle and
3-cycle
by any cyclic shift of (x1; x2; x3; x4; x5; x6) or (x2; x1; x6; x5; x4; x3) and any cyclic shift of
(a; b; c) or (b; a; c).
We will denote the graph
by any cyclic 2-shift of [x1; x2; x3; x4; x5; x6] or [x1; x6; x5; x4; x3; x2] and call this graph a
hexagon triple. The 3-cycle (x1; x3; x5) is called the inner 3-cycle.
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Now let (X; C) be a 2-perfect 6-cycle system and for each 6-cycle c=(x1; x2; x3; x4; x5;
x6)∈C form the two hexagon triples
Let t(c) = {(x1; x2; x3); (x3; x4; x5); (x5; x6; x1); (x2; x3; x4); (x4; x5; x6); (x6; x1; x2)} and set
T = {t(c)|c∈C}. Then (X; T ) is a 3-fold triple system. This is quite easy to see: each
edge of 3Kn occurs twice in a 6-cycle and, since the distance 2 graphs of the 6-cycles
belonging to C form a Steiner triple system, exactly once in an inner 3-cycle.
All of this leads to the following deLnition. A 3-fold hexagon triple system of
order n is a pair (X; T ), where T is an edge disjoint collection of hexagon triples
which partitions the edge set of 3Kn. Note that the “shaded” 3-cycles form a 3-fold
triple system. A perfect hexagon triple system is a hexagon triple system with the
additional property that the inner 3-cycles (x1; x3; x5) form a Steiner triple system.
Example 1.1 (Perfect 3-fold hexagon triple system of order 7).
(Note that the shaded 3-cycles form a 3-fold triple system, the inner 3-cycles a
Steiner triple system, and the 6-cycles a 2-fold 6-cycle system.)
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Example 1.2 (Nonperfect hexagon triple system of order 7).
(Note that the shaded 3-cycles form a 3-fold triple system, but the INNER 3-cycles
DO NOT form a Steiner triple system, nor do the 6-cycles form a 2-fold 6-cycle
system.)
Example 1.3 (Perfect 3-fold hexagon triple system of order 9). {[8; 1; 3; 4; 9; 7],
[3; 7; 4; 8; 2; 1], [3; 8; 5; 7; 1; 6], [3; 9; 7; 8; 6; 5], [4; 6; 7; 2; 5; 1], [6; 9; 1; 7; 2; 5], [9; 5; 1; 2; 4; 6],
[9; 2; 6; 8; 5; 4], [9; 3; 2; 4; 7; 5], [8; 1; 4; 3; 6; 2], [8; 9; 2; 3; 5; 4], [8; 9; 1; 6; 7; 3]}.
The deLnition of a perfect 3-fold hexagon triple system of order n can be generalized
to a perfect 3k-fold hexagon triple system of order n as a 3k-fold hexagon triple system
with the property that the inner 3-cycles form a k-fold triple system.
If we construct a 3k-fold triple system (X; T ) which can be arranged into hexagon
triples H with a leave L (consisting of triangles) so that the inside triangles of the
hexagon triples plus the “inside” of the triangles in the leave form a maximum packing
of kKn with triangles then (X;H; L) is called a perfect maximum packing of 3kKn with
hexagon triples.
Example 1.4 (Perfect maximum packing of 3K11 with hexagon triples). {[1; 11; 5; 10;
3; 4], [2; 6; 5; 9; 4; 1], [1; 3; 7; 2; 6; 10], [1; 7; 9; 3; 8; 2], [1; 8; 11; 2; 10; 7], [2; 3; 9; 8; 6; 4], [2; 3;
11; 6; 7; 8], [2; 4; 10; 1; 8; 5], [3; 8; 11; 9; 6; 1], [3; 6; 8; 5; 7; 11], [3; 6; 10; 11; 9; 4], [4; 11; 10; 9;
6; 7], [4; 8; 9; 10; 7; 5], [4; 5; 11; 7; 8; 10], [5; 10; 8; 4; 6; 1], [5; 3; 10; 2; 7; 9], [5; 6; 11; 2; 9; 1]}
with leave the four triples (1; 9; 2), (2; 5; 3), (3; 7; 4), (4; 11; 1), where the inside edges
form the 4-cycle (1; 2; 3; 4).
The purpose of this paper is to give a complete solution (modulo two possible
exceptions) of the problem of constructing perfect maximum packings of 3kKn with
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hexagon triples; i.e., we determine for each = 3k the set of all n such that a perfect
maximum packing of 3kKn with hexagon triples exists.
We will organize our result into 5 sections: one section for each of the cases k =
1; 2; 3, and 6, followed by a summary and concluding remarks.
2. The case k = 1
It is well known that the spectrum for 3-fold triple systems is the set of all odd
integers. Since the inner 3-cycles of a perfect hexagon triple system form a Steiner
triple system, n ≡ 1 or 3 (mod 6) is necessary for the existence of a perfect 3-fold
hexagon triple system; i.e., the leave is the empty set. For the remaining case n ≡
5 (mod 6), the leave is a collection of 4 triples, where the inside of these triples forms
a 4-cycle. In this section we will show that the necessary conditions are suOcient with
one possible exception. First, we will handle the case where the leave is the empty
set. If we broaden the modulus to 12, then 1, 3, 7, and 9 (mod 12) is necessary for
the existence of a perfect 3-fold hexagon triple system. Since the spectrum [1,2] for
2-perfect 6-cycle systems is the set of all n ≡ 1 or 9 (mod 12), with the exception of
n=9, Example 1.3 along with the construction of a perfect 3-fold hexagon triple system
from a 2-perfect 6-cycle system in Section 1 takes care of cases 1 and 9 (mod 12).
Hence we need to concern ourselves with cases 3 and 7 (mod 12) only.
n ≡ 7 (mod 12). This is by far the easier of the two cases. Let (Zn; T ) be a cyclic
triple system of order n [4]. For each base block (0; x; x + y) form the hexagon triple
[0;−y; x; 2x + y; x + y; y]. Developing this hexagon triple covers all edges of length
x; y; x+y 3 times. (Note that the inner triangle is the base block (0; x; x+y) we started
with.) Hence developing the hexagon triples [0;−y; x; 2x+y; x+y; y] (mod n) gives a
perfect 3-fold hexagon triple system. (It is worth remarking that this construction gives
a perfect 3-fold hexagon triple system of order n for all n ≡ 1 (mod 6), not just for
7 (mod 12).)
n ≡ 3 (mod 12). This case is a good bit more complicated than n ≡ 7 (mod 12). We
will begin with an example for n = 15, followed by a construction for the remaining
cases.
Example 2.1 (Perfect 3-fold hexagon triple system of order 15). Let X ={1; 3; : : : ; 15},
and deLne a collection of 35 hexagon triples C as follows: C = {Example 1:1} ∪
{[1; 9; 8; 2; 10; 11], [1; 8; 9; 2; 11; 10], [1; 13; 12; 2; 14; 15], [1; 12; 13; 2; 15; 14], [2; 10; 8; 3;
11; 9], [2; 8; 10; 3; 9; 11], [2; 14; 12; 3; 15; 13], [2; 12; 14; 3; 13; 15], [3; 11; 8; 4; 12; 15], [3; 8;
11; 4; 15; 12], [3; 10; 9; 4; 13; 14], [3; 9; 10; 4; 14; 13], [4; 12; 8; 5; 13; 9], [4; 8; 12; 5; 9; 13],
[4; 11; 15; 5; 10; 14], [4; 15; 11; 5; 14; 10], [5; 13; 8; 6; 14; 11], [5; 8; 13; 6; 11; 14], [5; 12; 9; 6;
15; 10], [5; 9; 12; 6; 10; 15], [6; 14; 8; 7; 15; 9], [6; 8; 14; 7; 9; 15], [6; 12; 10; 7; 13; 11], [6; 10;
12; 7; 11; 13], [7; 15; 8; 1; 9; 14], [7; 8; 15; 1; 14; 9], [7; 13; 10; 1; 11; 12], [7; 10; 13; 1; 12; 11]}.
Construction A. Suppose n = 12m + 3¿ 27, Q = {1; 2; 3; : : : ; 4m + 1}, and set X =
Q × {1; 2; 3}. There are three cases to consider: 4m+ 1 ≡ 1; 3, or 5 (mod 6). We will
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handle each case in turn.
(i) 4m+ 1 ≡ 1 (mod 6). DeLne a collection of hexagon triples C as follows:
(a) DeLne a perfect 3-fold hexagon triple system on each of Q × {1}, Q × {2},
and Q × {3} and place these hexagon triples in C.
(b) Let (X;G; T ) be a group divisible design (GDD) with groups G = {Q ×
{1}, Q × {2}, Q × {3}} and blocks T of size 3 (equivalent to a quasi-
group (Q; ◦)). For each block ((x; 1); (y; 2); (z; 3))∈T place the hexagon triple
[(x; 1); (z; 3); (y; 2); (x; 1); (z; 3); (y; 2)] in C, where  is a derangement
on Q.
Combining the hexagon triples in (a) and (b) gives a perfect 3-fold hexagon triple
system.
(ii) 4m + 1 ≡ 3 or 5 (mod 6). DeLne a collection of hexagon triples C as follows:
Let (Q;G; T ) be a GDD with at most one group of size 5, the remaining groups
of size 3, and blocks T of size 3. (If 4m + 1 ≡ 3 (mod 6), use a Kirkman triple
system. If 4m+ 1 ≡ 5 (mod 6), then 4m+ 1¿ 17 and such a GDD exists [1].)
(a) For each group g∈G, deLne a perfect 3-fold hexagon triple system on g ×
{1; 2; 3} and place these hexagon triples in C.
(b) For each block (x; y; z)∈T , deLne a GDD ({x; y; z} × {1; 2; 3}; G∗; B) with
groups {x} × {1; 2; 3}, {y} × {1; 2; 3}, and {z} × {1; 2; 3} and blocks of size
3. For each of the 9 blocks in B deLne a hexagon triple as in (i; b) above.
Combining (a) and (b) gives a perfect 3-fold hexagon triple system.
Now, we handle the remaining case n ≡ 5 (mod 6), with the possible exception of
n= 17.
n ≡ 5 (mod 6).
Example 2.2 (Perfect maximum packing of 3K11 with hexagon triples with a hole of
size 5) {[1; 9; 7; 2; 6; 8], [1; 11; 9; 2; 8; 10], [1; 7; 11; 2; 10; 6], [2; 8; 9; 3; 6; 10], [2; 9; 11; 3; 7;
6], [2; 7; 10; 3; 8; 11], [3; 8; 11; 4; 6; 7], [3; 10; 8; 4; 7; 9], [3; 11; 10; 4; 9; 6], [4; 7; 10; 5; 6; 9],
[4; 8; 9; 5; 7; 11], [4; 10; 11; 5; 8; 6], [5; 7; 8; 1; 6; 11], [5; 9; 10; 1; 7; 8], [5; 6; 11; 1; 9; 10]},
where the hole is deLned on the vertex set {1; 2; 3; 4; 5}.
Construction B. Suppose n=6m+5, m¿ 3. The following construction produces a per-
fect maximum packing of 3Kn on the vertex set {∞i: 16 i6 5}∪{(i; j): 16 i6 2m;
16 j6 3}. We know that there exists a commutative quasigroup (Q; ◦1) of order 2m
with holes H of size 2 for m¿ 3, where H ={{1; 2}; {3; 4}; : : : ; {2m−1; 2m}} [3]. So,
let (Q; ◦1) be a commutative quasigroup of order 2m with holes H of size 2 and let 
be the derangement = (1; 2)(3; 4) : : : (2m− 1; 2m). DeLne a binary operation “◦2” on
Q by x ◦2 y = (x ◦1 y). DeLne a collection of hexagon triples C as follows:
(a) Place a perfect maximum packing of 3K11 with hexagon triples on {∞i: 16
i6 5} ∪ {1; 2} × {1; 2; 3}, with leave 4 triples (the inside of these triples forming
a 4-cycle), and place these hexagon triples and the leave in C. (Example 1.4.)
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(b) Place a perfect maximum packing of 3K11 with hexagon triples with a hole
size 5, the hole being {∞i: 16 i6 5} on {∞i: 16 i6 5} ∪ h × {1; 2; 3}
for each hole h∈H \ {{1; 2}} and place these hexagon triples in C.
(Example 2.2.)
(c) For each (x; y)∈{1; 2; : : : ; 2m} × {1; 2; : : : ; 2m}, where x¡y and {x; y} ∈ H , let
x ◦2 a= b ◦2 y= x ◦1 y and place the three hexagon triples [(x; j); (a; j); (x ◦1 y; j+
1); (b; j); (y; j); (x ◦1 y; j + 2)] in C, j = 1; 2; 3 (mod 3). (It is straightforward to
see that a; b; x and y are distinct.)
Combining (a)–(c) gives a perfect maximum packing of 3Kn, with the possible
exception n= 17.
3. The case k = 2
The spectrum for 6-fold triple systems is the set of all positive integers n = 2. Since
the inner 3-cycles of a perfect 6-fold hexagon triple system must form a 2-fold triple
system, n ≡ 0 or 1 (mod 3) is necessary for the existence of a perfect 6-fold triple
system; i.e., the leave is the empty set. For the remaining case n ≡ 2 (mod 3), the leave
consists of 2 triples, where the “inside” of these triples forms a double edge. Since
the spectrum for 2-fold 2-perfect 6-cycle systems is the set of all n ≡ 0 or 1 (mod 3)
[2], a construction similar to the perfect 3-fold hexagon triple system construction in
Section 1 gives a perfect 6-fold hexagon triple system for all 0 or 1 (mod 3). Hence
we need to concern ourselves with case 2 (mod 3). We will break this into cases 2
and 5 (mod 6).
n ≡ 5 (mod 6). This is the easier of the two cases. Since the spectrum for a
perfect maximum packing of 3Kn with hexagon triples with a leave of 4 triples
(the inside of these triples forming a 4-cycle) is n ≡ 5 (mod 6) (with the pos-
sible exception of n = 17), we can consider two copies of such a perfect maxi-
mum packing of 3Kn with hexagon triples. We need to be sure that the leave of
the Lrst copy is [1; 5; 2; 6; 3; 8; 4; 7] where the inside 4-cycle is (1; 2; 3; 4) and the
leave of the second copy is [1; 8; 3; 7; 4; 5; 2; 6] where the inside 4-cycle is (1; 3; 4; 2).
([x1; x2; x3; x4; x5; x6; x7; x8]={(x1; x2; x3); (x3; x4; x5); (x5; x6; x7); (x7; x8; x1)}.) Then we can
rearrange the edges in both of the leaves into the following 2 hexagon triples
[1; 5; 2; 6; 3; 8], [1; 7; 4; 5; 2; 6] and a leave of the 2 triangles (3; 4; 8), (3; 4; 7), where the
“inside” is the double edge {3; 4}. Combining the hexagon triples in the two copies
together with the hexagon triples [1; 5; 2; 6; 3; 8] and [1; 7; 4; 5; 2; 6] forms a maximum
packing of 6Kn (with the possible exception of n=17) into hexagon triples with leave
the 2 triangles (3; 4; 8), (3; 4; 7).
n ≡ 2 (mod 6).
Example 3.1 (Perfect maximum packing of 6K8 with hexagon triples). {[1; 3; 8; 5; 2; 4],
[7; 2; 8; 6; 1; 3], [2; 4; 8; 6; 3; 5], [3; 5; 8; 7; 4; 6], [4; 2; 8; 1; 5; 7], [7; 2; 3; 8; 1; 4], [1; 6; 4; 3;
2; 8], [2; 7; 5; 4; 3; 1], [3; 7; 6; 5; 4; 8], [4; 1; 7; 6; 5; 8], [5; 3; 1; 7; 6; 8], [1; 4; 5; 2; 3; 7], [1; 2; 4;
3; 6; 5], [7; 8; 6; 4; 3; 5], [5; 7; 8; 2; 6; 1], [6; 1; 8; 3; 7; 2], [7; 8; 4; 6; 2; 1], [2; 6; 7; 4; 5; 1]} with
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leave the two triples (2; 5; 6) and (2; 6; 3), where the inside edges form the double
edge {2; 6}.
Example 3.2 (Perfect maximum packing of 6K8 with hexagon triples with a hole
of size 2). {[1; 3; 8; 5; 2; 4], [7; 2; 8; 6; 1; 3], [2; 4; 8; 6; 3; 5], [3; 5; 8; 7; 4; 6], [4; 2; 8; 1; 5; 7],
[7; 2; 3; 8; 1; 4], [1; 6; 4; 3; 2; 8], [2; 7; 5; 4; 3; 1], [3; 7; 6; 5; 4; 8], [4; 1; 7; 6; 5; 8], [5; 3; 1; 7;
6; 8], [1; 4; 5; 2; 3; 7], [1; 2; 4; 3; 6; 5], [7; 8; 6; 4; 3; 5], [6; 1; 8; 2; 7; 4], [5; 7; 8; 3; 6; 1], [2; 3; 7;
6; 5; 1], [7; 8; 4; 5; 2; 1]}, where the hole is deLned on the vertex set {2; 6}.
Example 3.3 (Perfect maximum packing of 6K14 with hexagon triples). {[3; 4; 6; 12;
9; 2], [3; 12; 7; 10; 11; 14], [3; 13; 8; 9; 10; 14], [4; 5; 6; 3; 11; 9], [4; 8; 7; 13; 10; 12], [4; 12; 8;
11; 9; 14], [5; 8; 6; 14; 10; 12], [5; 12; 7; 2; 9; 13], [5; 9; 8; 7; 11; 14], [3; 2; 6; 14; 12; 1], [3; 11;
7; 13; 14; 8], [3; 10; 8; 4; 13; 6], [4; 11; 6; 2; 14; 8], [4; 10; 7; 6; 13; 3], [4; 5; 8; 14; 12; 7], [5; 9; 6;
11; 13; 10]; [5,9,7,1,12,11], [5; 11; 8; 2; 14; 13], [6; 3; 9; 4; 12; 13], [6; 8; 10; 4; 14; 11], [6; 1;
11; 9; 13; 8], [7; 6; 9; 3; 14; 11], [7; 6; 10; 1; 13; 5], [7; 9; 11; 13; 12; 14], [8; 7; 9; 4; 13; 5], [8; 2;
10; 1; 12; 3], [8; 12; 11; 4; 14; 13], [3; 1; 9; 8; 12; 2], [3; 9; 10; 2; 14; 7], [3; 8; 11; 2; 13; 10],
[4; 2; 9; 13; 14; 12], [4; 3; 10; 9; 13; 1], [4; 1; 11; 10; 12; 6], [5; 14; 9; 12; 13; 11], [5; 3; 10; 8;
12; 6], [5; 3; 11; 2; 14; 10], [4; 7; 5; 10; 1; 9], [3; 1; 5; 8; 2; 4], [4; 7; 3; 5; 2; 10], [4; 5; 3; 8; 1; 7],
[4; 11; 5; 1; 2; 6], [5; 7; 3; 13; 1; 4], [7; 10; 8; 6; 1; 14], [6; 7; 8; 1; 2; 5], [7; 3; 6; 10; 2; 12], [7; 5;
6; 10; 1; 9], [7; 1; 8; 13; 2; 11], [8; 4; 6; 9; 1; 14], [10; 4; 11; 12; 1; 14], [9; 3; 11; 1; 2; 8], [9; 6;
10; 7; 2; 12], [9; 12; 10; 11; 1; 14], [10; 13; 11; 6; 2; 5], [11; 10; 9; 5; 1; 8], [13; 6; 14; 5; 1; 2],
[12; 5; 14; 7; 2; 11], [12; 3; 13; 4; 2; 5], [12; 2; 13; 7; 1; 6], [13; 4; 14; 9; 2; 7], [12; 3; 14; 6; 1; 13]}
with leave the two triples (1; 2; 3) and (1; 2; 4), where the inside edges form the double
edge {1; 2}.
Along with the previous three examples the following construction will take care of
the case n ≡ 2 (mod 6).
Construction C. Suppose n=6m+2, m¿ 3. The following construction gives a perfect
maximum packing of 6Kn on the vertex set {∞1;∞2}∪{(i; j): 16 i6 2m; 16 j6 3}.
We know that there exists a commutative quasigroup (Q; ◦1) of order 2m with holes H
of size 2 for m¿ 3, where H={{1; 2}; {3; 4}; : : : ; {2m−1; 2m}} [3]. Let (Q; ◦2) be the
commutative quasigroup of order 2m with holes H of size 2 deLned by x◦2y=(x◦1y)
where  is the derangement  = (1; 2)(3; 4) : : : (2m − 1; 2m). DeLne a collection C of
hexagon triples as follows:
(a) Place a perfect maximum packing of 6K8 with hexagon triples on {∞1;∞2} ∪
({1; 2} × {1; 2; 3}), with leave 2 triples (the inside of these triples forming a double
edge), and place these hexagon triples and the leave in C.
(b) Place a perfect maximum packing of 6K8 with hexagon triples with a hole of size
2, the hole being {∞1;∞2}, on {∞1;∞2}∪h×{1; 2; 3} for each hole h∈H \{{1; 2}},
and place these hexagon triples in C.
(c) For each (x; y)∈{1; 2; : : : ; 2m} × {1; 2; : : : ; 2m}, where x¡y and {x; y} ∈ H
deLne the hexagon triple [(x; j); (a; j); (x ◦1 y; j + 1); (b; j); (y; j); (x ◦1 y; j + 2)], where
x ◦2 a= x ◦1 y and y ◦2 b= x ◦1 y for j= 1; 2; 3, and place two copies of this hexagon
triple in C.
Combining (a), (b), and (c) gives a perfect maximum packing of 6Kn.
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4. The case k = 3
The spectrum for 9-fold triple systems is the set of all odd integers. Since the inner
3-cycles of a perfect 9-fold hexagon triple system must form a 3-fold triple system,
n ≡ 1; 3 or 5 (mod 6) is necessary for the existence of a perfect 9-fold hexagon triple
system; i.e., the leave is the empty set. Since the spectrum for a perfect 3-fold hexagon
triple system is the set of all n ≡ 1 or 3 (mod 6), we can take 3 copies of the solution
for a perfect 3-fold hexagon triple system to obtain a solution for a perfect 9-fold
hexagon triple system. This leaves the case n ≡ 5 (mod 6). We will split the case
n ≡ 5 (mod 6) into the two cases n ≡ 5 (mod 12) and n ≡ 11 (mod 12). Since a
3-fold 2-perfect 6-cycle system exists when n ≡ 5 (mod 12) [2], a construction similar
to the construction of a perfect 3-fold hexagon triple system from a 2-perfect 6-cycle
system takes care of the case 5 (mod 12). Hence we need to concern ourselves with
the case 11 (mod 12) only.
Example 4.1 (Perfect 9-fold hexagon triple system of order 11). There exists a perfect
maximum packing of 3K11 with hexagon triples, with a leave of 4 triples (the inside
of these triples forming a 4-cycle, Example 1.4). We can consider three copies of such
a perfect maximum packing of 3K11 with hexagon triples. We need to be sure that
the leave of the Lrst copy consists of the 4 triples (1; 7; 2), (2; 6; 3), (3; 8; 4), (4; 5; 1),
where the inside 4-cycle is (1; 2; 3; 4); the leave of the second copy consists of the
4 triples (2; 8; 4), (4; 7; 5), (5; 3; 6), (6; 1; 2), where the inside 4-cycle is (2; 4; 5; 6);
and the leave of the third copy consists of the 4 triples (2; 1; 4), (4; 8; 6), (6; 3; 7),
(7; 5; 2), where the inside 4-cycle is (2; 4; 6; 7). Then we can rearrange the edges in these
leaves into following 4 hexagon triples [1; 7; 2; 8; 4; 5], [2; 6; 3; 8; 4; 1], [4; 8; 6; 3; 5; 7],
and [2; 5; 7; 3; 6; 1]. Combining the hexagon triples in the three copies together with the
hexagon triples [1; 7; 2; 8; 4; 5], [2; 6; 3; 8; 4; 1], [4; 8; 6; 3; 5; 7], and [2; 5; 7; 3; 6; 1] gives a
perfect 9-fold hexagon triple system of order 11.
Construction D. Suppose n = 12m + 11. The following construction gives a perfect
9-fold hexagon triple system of order n on the vertex set {∞1: 16 i6 5}∪{(i; j): 16
i6 2m+1; 16 j6 6}. DeLne a collection of hexagon triples C as follows: We know
that there exists a 3-fold triple system of order 2m + 1. Take the following hexagon
triples:
(a) Place a perfect 9-fold hexagon triple system of order 11 on {∞i: 16 i6 5} ∪
{(1; j): 16 j6 6}, and place these hexagon triples in C.
(b) Place 3 copies of a perfect maximum packing of 3K11 with hexagon triples with a
hole of size 5, the hole being {∞i: 16 i6 5}, on {∞i: 16 i6 5}∪{(t; j): 16 j6 6}
for 26 t6 2m+ 1, and place these hexagon triples in C.
(c) For each 3-cycle (x; y; z) of the 3-fold triple system of order 2m + 1, take a
2-perfect 6-cycle system of K6;6;6 on the vertex set {(x; j); (y; j); (z; j): 16 j6 6} [1],
deLne hexagon triples as in the construction of a 3-fold hexagon triple system from a
2-perfect 6-cycle system in Section 2, and place these hexagon triples in C.
Combining the hexagon triples in (a)–(c) gives a perfect 9-fold hexagon triple
system.
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5. The case k = 6
The spectrum for an 18-fold triple system is the set of all positive integers n¿ 3.
Since the inner 3-cycles of a perfect 18-fold hexagon triple system must form a 6-fold
triple system, n¿ 6 is a necessary condition for the existence of a perfect 18-fold
hexagon triple system; i.e., the leave is the empty set. Since there exists a 6-fold
2-perfect 6-cycle system for all n¿ 6 [2], a construction similar to the construction of
a perfect 3-fold hexagon triple system from a 2-perfect 6-cycle system takes care of
the cases n¿ 6. The case n = 6 can be obtained by using three copies of a perfect
6-fold hexagon triple system (see Section 3).
6. Summary
Since we can paste together solutions of k=1; 2; 3, and 6 for all other k, the following
table gives a summary of the results in this paper.
k (mod 6) Spectrum for perfect maximum Leave
packing of 3kKn with hexagon
triples
1 1, 3 (mod 6) ∅
5 (mod 6) 4 triples (inside forming a 4-cycle)
2 0, 1, 3, 4 (mod 6) ∅
2, 5 (mod 6) (except possibly n= 17) 2 triples (inside forming a double
edge)
3 1, 3, or 5 (mod 6) ∅
4 0, 1, 3, 4 (mod 6) ∅
2, 5 (mod 6) (except possibly n= 17) 4 triples (inside forming 2 double
edges)
5 1, 3 (mod 6) ∅
5 (mod 6) (except possibly n= 17) 2 triples (inside forming a double
edge)
6 All n¿ 6 ∅
Theorem 6.1. The above table provides necessary and su:cient conditions for the
existence of a perfect maximum packing of 3kKn with hexagon triples.
7. Concluding remarks
This paper gives a complete solution (with the possible exceptions of n = 17, for
k = 1 and k = 2) of the problem of constructing perfect maximum packings of 3kKn
with hexagon triples. If we drop the restriction that all of the “outside” vertices be
distinct (including the leave), Example 7.1 gives a solution for n= 17 and k = 1 (and
therefore k = 2).
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Example 7.1 (Pseudo perfect maximum packing of 3K17 with hexagon triples). {[1; 9;
4; 8; 2; 16], [3; 8; 5; 10; 4; 7], [3; 10; 16; 5; 6; 11], [4; 3; 17; 5; 7; 14], [5; 4; 6; 13; 8; 9], [3; 13; 7;
4; 9; 13], [4; 17; 8; 11; 10; 1], [5; 14; 9; 8; 11; 17], [3; 5; 10; 15; 12; 8], [4; 15; 11; 10; 13; 12],
[5; 11; 12; 3; 14; 1], [3; 17; 13; 10; 15; 5], [4; 11; 14; 6; 16; 13], [5; 16; 15; 6; 17; 4], [6; 4; 13;
15; 9; 1]}, [7; 8; 14; 12; 10; 6], [8; 1; 15; 16; 11; 7], [6; 16; 4; 2; 12; 7]}, [7; 2; 5; 1; 13; 14], [8; 15;
3; 4; 14; 16], [6; 9; 10; 7; 15; 14]}, [7; 1; 11; 9; 16; 3], [8; 6; 12; 9; 17; 10], [9; 3; 16; 7; 12; 2]},
[10; 14; 17; 8; 13; 16], [11; 9; 6; 8; 14; 2], [9; 10; 4; 11; 15; 17]}, [10; 14; 5; 9; 16; 1], [11; 6; 3;
1; 17; 13], [12; 5; 7; 9; 15; 5]}, [13; 5; 8; 4; 16; 2], [14; 3; 9; 12; 17; 16], [1; 13; 7; 15; 6; 17]},
[1; 14; 9; 2; 8; 12], [1; 3; 11; 12; 10; 8], [1; 6; 13; 14; 12; 4]}, [1; 2; 15; 17; 14; 2], [1; 7; 17; 11;
16; 12], [2; 15; 8; 16; 7; 17]}, [2; 3; 10; 7; 9; 13], [2; 3; 12; 13; 11; 7], [2; 11; 14; 15; 13; 5]},
[2; 17; 16; 12; 15; 4], [2; 10; 6; 12; 17; 10], with leave the four triples (1; 11; 5); (5; 6; 2);
(2; 6; 3); (3; 15; 1), where the inside edges form the 4-cycle (1; 5; 2; 3).
The cases n= 17 when k = 1 and k = 2 with the restriction that all the vertices be
distinct remain as open problems.
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